As a possible way to help control varroa mites, some beekeepers advocate the use of cells smaller than the regular size commonly used by beekeepers. This paper addresses two of their principal arguments, namely that honey bees built smaller cells under natural conditions in the past, and that a "fatal" error occurred at the turn of the 20 th century when a new and allegedly misleading method of estimating cell density was introduced. Historical data show not only that cell sizes were not smaller in the past, but also that estimating cell densities was not an issue before the introduction of wax foundation. Moreover, not realizing that the two methods of estimating cell densities are equivalent, the proponents of small cells have erroneously corrected the data reported by the authors of the 17th, 18 th and 19 th centuries. In conclusion, the claim that cells were smaller in the past is not only not supported by the historical records, but rests on a distortion of the historical records resulting from an incorrect transformation of the original data.
Introduction
Since the publication of two influential papers on the size of worker cells of the European honey bee, Apis mellifera (Erickson et al., 1990a (Erickson et al., , 1990b ), a community of "organic" beekeepers has been claiming that reducing the size of worker cells is one of the keys to controlling tracheal and varroa mites (Lusby, 1996a) . In particular, the cell size is supposed to affect the reproduction of the varroa mites in several ways. Firstly, because varroa mites significantly prefer the large drone cells for their reproduction, it is suggested that large worker cells would also be more attractive to varroa than smaller cells. Alternatively, the mites' reproductive success might be negatively affected in smaller cells because of space reduction. It is also suggested that smaller cells positively affect the heat regulation in the brood nest, increases the rate of development of worker bees, as well as their number in the brood nest, which in turn favours their hygienic behaviour and increases the time spent on removing mites from infested cells (Lusby, 1996a (Lusby, , 1996b (Lusby, , 1997a .
Saucy
As cornerstones of their approach, the proponents invoke two major arguments. Firstly they claim that the European honey bee used to build smaller cells before the introduction of wax foundation, and secondly, that a "fatal error" occurred around the turn of the 20 th century when a new approach was introduced to estimate cell densities of honey combs (Lusby, 1997a) . They therefore suggest that a cell width of 4.9 mm would be closer to the "natural" cell size than the width of 5.3 mm which is commonly used in marketed wax foundation.
On this basis, the proponents of small cells have proposed The goal of this paper is not to enter into the controversy of the effectiveness of using smaller cells against the varroa mite (see Heaf, 2011; a review which shows that the majority of studies do not support this view), nor to address the erroneous claim of bees having built smaller cells in the past (see Vogt, 1911; Honegger, 1937; Stever, 2003; Zeissloff, 2007 and Heaf, 2012 for detailed reports of historical records), but to address the second argument, namely that there was a "fatal error" in estimating cell densities. To our knowledge, this specific point
has not yet been discussed. Therefore, it is the goal of this paper to try to understand and explain this fatal error and its consequences.
Problem statement
According to Lusby (1997a) , worker cell density had been estimated in the past (allegedly back to antiquity) according to the "rhombus method", whereas since the beginning of the 20 th century, this approach has been replaced by the "square method" (Fig. 1) . The "square approach"
became widely used following the work of Ursmar Baudoux (1867 Baudoux ( -1934 , a Belgian professor in beekeeping science, whose goal was to produce larger bees harvesting more honey than bees of the usual size. The square and the rhombus are plane geometrical figures having four equal sides. Whereas a square has four right angles, a rhombus, or lozenge, is an oblique-angled parallelogram. Because of the architecture of the comb, there can be only one type of rhombus to measure cell density, namely a rhombus having pairs of opposite angles of 60° and 120°. The surface areas of the square and the rhombus differ in accordance with the ratio of their heights (cf. online supplementary material Fig. S3 ).
According to Lusby (1997a) , the square and rhombus methods are not equivalent, and result in large differences in cell densities. As a consequence, an unnoticed leap in estimating cell density is alleged to have occurred around the turn of the 20 th century, with modern cell densities corresponding to larger cell sizes as compared to those recorded in the past. For example, nowadays, a cell density of 830 cells/dm 2 corresponds to a cell width of 5.3 mm, while in the past the same cell density is alleged to have resulted from a cell size of 4.9 mm.
This alleged leap is summarized in Table 1, a table named "Square Decimetre Measurement Conversion Chart" (Lusby, 1997b) . For a series of cell widths, this table compares cell density estimated according to the rhombus method (second column) and the square approach (columns 3-5). For example, a cell width of 5.3 mm would correspond A. B.
In a further step to understand the difference between the two approaches, the four datasets (columns 2 to 4 of order to try to solve this puzzle, two lines of reasoning were followed.
The first was to go back to elements of geometry in order to understand from a theoretical point of view the differences between the rhombic and the square approaches. The second was to go back to the original writings of the authors of the 17th, 18th and 19 th centuries in order to understand how they did their measurements and their computations using the "rhombic" approach.
Evidence from the geometry of comb and Réaumur allegedly reported cell sizes ranging between 4.6 and 4.9 mm. But as will be shown later (Table 2) , the data presented in Table 1 for these authors do not correspond to the cell sizes reported in their original writings.
natural cell size: fatal error? 329 Table 1 . The "Square Decimetre Measurement Conversion Chart" (Lusby, 1997b) . The table named "Square Decimetre Measurement
Conversion Chart" is central to understand the logic of the present paper. Since it has been published on the website "www.beesource.com"
and might disappear from a future version of the website, it is reproduced in Table 1 . Therefore, the total number of cells counted on a rhombus of base 1 dm has to be divided by the same ratio, or alternatively to be multiplied by its inverse, (approximately 1.155) in order to express the cell density in square decimetres. side using the rhombic approach (Fig. 1B) as compared to 23 rows of 20 cells = 460 cells using the square method (Fig. 1A) . The difference of course occurs from the fact that the ratio height/base is larger in a square than in a rhombus, respectively 1.00 and 0.866 (cf. Fig. S3 , online supplementary material). Referring again to the diagrams reproduced in Fig. 1 , Lusby (1997b) and the Old World Standard of 800 cell sizes to the square decimetre many beekeepers have used foundation bases geared to a square decimetre using square measurements rather than a square decimetre using rhombus measurements. The error is proving fatal to say the least." (Lusby, 1996b) .
In another paper Lusby (1997b) writes the following paradoxical statement: "the cell count from using the square measurement method for a square decimetre is only good in the laboratory, not in the field.
The cell count from using the rhombus measurement method for a square decimetre has direct correlation to the field". Obviously, the reader is expected to believe that both kinds of measurements are both correct and can coexist in parallel worlds... depending on whether she/he is a beekeeper or a scientist... (Fig. 2) . As will be shown below, this last step was totally unjustified. If any "fatal" error occurred, it is to be found in transferring Lusby's calculation error to the historical data.
Back to the historical records: the rhombus approach has never been used in the past
As explained above, the second line of reasoning for the present paper was to go back to the original writings of the authors whose data have been converted in the "Square Decimetre Measurement Conversion
Chart" from Lusby (1997b). There are three major difficulties to be overcome in this quest. The first is to get access to the original texts.
Apart from reading texts in public libraries, this step was facilitated by reports already published by Honegger (1937) Much of this conversion work had already been achieved by the quoted authors, but all records have been seen and checked for exactitude.
The results of this detailed reading are reported in Table 2 .
The following conclusions can be drawn from this quest. Firstly, it confirms the reports of Honegger (1937) , Stever (2003) , Zeissloff (2007) and Heaf (2011) century. Secondly, the major and most surprising finding of this study of the original literature is that none of the authors whose data could be checked, and whom were cited by Lusby, used the rhombic method! As Maraldi, Réaumur): no mention of surface estimates using the rhombus approach could be found.
Last, but not least, while all the cell widths were correctly reported in the first publication of Erickson et al. (1990a) in a table named "Cell
Tell" and correspond closely to the data found in the literature, the spuriously converted cell widths reported later by Lusby (1997b) It can be stressed that estimating cell density probably only became an issue after the introduction of wax foundation, when beekeepers could experimentally manipulate this parameter. Indeed, there is no evidence that early scientists developed methods for estimating cell densities. In addition, no reference to the "rhombic" approach could be found in any of the historical records that have been reviewed in this paper. Not only was I unable to find a published document explicitly referring to the "rhombic" approach, nor could Lusby quote a single reference when asked by e-mail.
The relationship between the height and the base of the rhombus also suggests that the rhombus approach, which needs relatively complicated calculations, is not easy to use in practice as a field method.
For instance, the dimensions of a rhombus encompassing a surface area of 1 dm 2 can be estimated to 1.075 dm for the base and 0.931 dm for the height using the relationship .
It is finally worth noting that Equation 1 
Additional data on natural cell sizes and shapes
In addition to the data examined in Table 2 on the basis of the list of authors quoted in Erickson et al. (1990a) , data on cell sizes have been reported by many other authors (see Vogt, 1911; Honegger, 1937; Stever, 2003; Zeissloff, 2007 and Heaf, 2011 Dzierzon, Ludwig and de Meyer (Zeissloff, 2007) . All these data fall in the range of cell sizes given in Table 2 and, therefore, also support the claim that cell sizes were not smaller in the past. 
Conclusions and final remarks
The present paper demonstrates that two premises of the proponents of the small cell approach, namely that a new method (the square approach) replaced the "Old World rhombic" approach to estimate cell density at the turn of the 20th century and that a hidden error occurred at this time, do not hold. As previously shown by all the reviews conducted during the last hundred years (Vogt, 1911; Honegger, 1937; Stever, 2003; Zeissloff, 2007; Heaf, 2012) , the claim that the cell size of the European honey bee was smaller before the introduction of wax foundation is not supported by the facts. This paper also explains by which mechanism the original data of the 17 th , 18 th and 19 th century have been distorted in order to support this wrong claim. As a consequence, the use of the expression "retrogression to natural cell size" is clearly inappropriate, as are the programmes conducted on the basis of this argument. Moreover, it should be stressed that Baudoux (1993) , on whose shoulders much of the responsibility for the allegedly "fatal error" was set, not only did not introduce a new method for estimating cell densities (and therefore did not hide any discrepancy with the rhombic method which had never been a standard), but published correct cell density estimates in full accordance with the theory and the measurements of his illustrious predecessors of the Age of the Enlightenment.
that he does not introduce at all the geometrical properties of the hexagon, taking for granted that his readers have mastered them. It is also worth noting that his figures correspond exactly to figures of Little is known about the shape of combs and cells under natural conditions in historical times. Nevertheless, drawings of traditional skeps As already mentioned, the aim of this paper is not to enter into the controversy about the effectiveness of small cells for controlling varroa mites. Nevertheless, its significance within the framework of the small cell approach is worth highlighting. The present study addresses the premise of this theory. It reveals a major misunderstanding which in part led scientists to undertake costly field and experimental studies, as well as encouraging the beekeeping industry to produce and market artificial comb and wax foundation of unusually and in fact "unnatural" small sizes. Added to the fact that most field and experimental studies bring little support to the small cell theory, that cell sizes were not smaller in the past, and that varroa tolerant bees also appeared on several instances on regular cell size combs, the findings of the present study leaves the small cell approach with little supportive evidence.
